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SUMMARY 

Flow equations are developed using Laplace transform theory to describe the diffusion 
of **N$ through a composite system consisting of a protein solution and a phospholipid 
sol with a membrane at the interface. An approximation, valid at long times (t > 1.5 X 
10’ s), is then introduced enabling calculation of an unambiguous limiting value for the 
permeability coefficient of the membrane. 

INTRODUCTION 

In two previous publications Fleming and Castleden (1970; 1972) presented the flow 

equations describing the diffusion of 22Na+ in both: (i) a semi-infinite composite system 
containing a membrane; and (ii) a finite composite system containing a membrane. The 
composite system considered, which was contained in a length of precision-bore capillary 
tubing, consisted of a layer of phospholipid sol and a layer of bovine plasma albumin 
solution. When 10-j M CaC12 and cholesterol is added to each layer a membrane is 
formed at the interface (Saunders, 1963a, b) and produces a resistance to diffusional 
flow. The system was studied by a method resembling but not equivalent to a self-diffu- 
sion technique and has been reported by the same authors (Castleden and Fleming, 1966, 
1968, 1970). Solutions to the diffusion equations were obtained using Laplace transform 
theory and inversion of the resulting expressions required somewhat complex mathe- 
matical techniques. Furthermore, in order to obtain information about the permeability 
coefficient of the membrane, it was then necessary to employ iterative computer pro- 
grams. 

In this paper, we again solve the flow equations using Laplace transform theory but are 
able to proceed directly to a permeability coefficient by use of an approximation valid at 
long times (t > 1.5 X 10’ s) (Castleden and Fleming, 1970). In the earlier treatment of 
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the furite composite system (Cas~eden and Fleming, 1970), a long-time appro~matio~ 
was also used but the results ind;.cated that the membrane permeability was decreasing to 
a limiting value, We show that the approximation presented here can lead unambiguously 
to a permeability coefficient very close to this limiting value, i.e. when the barrier effect 
of the membrane is most effzcieni. 

The experimental data used in this paper is taken from the finite composite system 
publication of Castleden and Fleming (1970) (experiments 1 and 2) and a set of 
unabashed results (C~tleden, 1967) (experiment 3). As previously, the notation used 
for the transformed equations is that of Carslaw and Jaeger (1959). 

THEORY 

The composite finite system with a membrane can be diagrammatically represented as 
shown below 

x = 0 (open end) 

x = Qr (membr~e) 

x=Q=Q,+Q, 

Applying Fick’s second law of diffusion to each layer gives 

where Dr and q(x, t), II2 and cs(x, t) are the diffusion coefficient and activity of *2Na+ 
in layers I and II respectively. 

As pretiously described (Castleden and Fleming, 1970), Eqns. 1 and 2 are solved to 
comply with the initial condition 

cr(x,t)=c2(x,t)=c(x,0) Q>x>O, t=O 

and the following boundary conditions 

cr(x, t)=Oatx=O, t>O 

=f@dx,f)-cjt)) atx=Qj, t>O 



243 

where H is the permeability coefficient 

ac2(x, 0 ( 1 - =0 atx=Q, t>O 
ax t 

The Laplace transforms of Eqns. 1 and 2 are 

d2G 
dx2 

qfz1 + - = CkO) o 

b 

d2Z2 c(x, 0) 
--qfz2+- =o 
dx2 D2 

(3) 

(4) 

where TI = cl (x, 0/p, Cz = c2 (x, 9/p, ql = (p/D1 )1'2 and q2 = (P/D#~ 

The transformed boundary conditions become 

z,=o, x=0 Pa) 

D !% D dA atx_Q ldx= 2dx -1 

D1 z=H(Y2 -FI) atx=Q, W) 

dF2 
z=O atx=Q 

WI 

(54 

Solving the differential Eqns. 3 and 4 with the boundary conditions @a-d) gives the fol- 
lowing expressions for CI and E2: 

c(x, 0). cob 0) 
F*i_-- 

P P 

x Dlql sinh q2n2 cdh ql(Ql -- x) + Hk cash q2Q, cash ql(Q, - xl + H sinh 92112 sinh ql(Ql - x) 

Dlql cash qlQl sinh q2Q2 + Hk cash qlQ, cash q2Qz + H inh qlQ, .sinh 92Qz I 

(6) 

cc& 0) 4% 0) 
~2=---- 

P P 

X 

I 

I% cash qz(Ql + Q2 - x) 

Dlql cash qlQl sinh q;Q2 + Hk cash qlQl cohq2Qz + H sinh qlQ1 sinh 4292 
I 

where k = (D1 /Ds)~“. 

(7) 
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The longtime approximation is now introduced before the inversion of Eqns. 6 and 7. 
For large values of t, p will be very small and the hyperbolic functions may be approxi- 
mated (Abramovitz and Stegun, 1970). 

sinhz jz 

I 
z<<l 

COshZ” 1 

Eqn. 6 can now be reduced to 

zl _c(x,O) 4x,0) Dlqlq~Q2 +=+Hqdhql(Ql -x) --_- 
P P hqlqzQ2 + m + JhQzqlQt 

After substitution for ql, q2 and k, on inversion we obtain 

c&t) = 4x, 0) D ym -DrH 
exp 

t 1 1 Q2@h + W 1 1 (8) 

Integration of Eqn. 8 with respect to x, from 0 to Ill, gives the total activity in layer I at 
time t 

Ql 

Cl = s cl(x, t) dx = co H-Q: 
0 

2Q(D, + HQ,) exp 

Applying the same approximation to Eqn. 7 

c c(x,O) 4x, 0) Hk 
2 

=-_- 

P P DlqrqzQ, + Hk+ HqlqzQrQz 

Inverting as before and then integrating with respect to x over the length Q, to Q,, we 
obtain the total activity in layer II at time t 

Q2 
c2 = Co aeXP 

It follows, therefore, thitt the long-time approximation 
the tube at time twill be 

co c=c, +ca=- JJQ: 
Q 2(D, +HQ,) 

t Q2 

RESW LTS AND DISCUSSION 

predicts that the total activity in 

(9) 

The long-time approximate solution, Eqn. 9, indicates that the natural logarithm of 
the total activity in the capillary is directly proportional to the time of the experiment 
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GO (open and) 

K 2 It fmembrunel 

x=1 

c/s-’ ---m 

Fig. 1 ,%agrammatic represerttatgn of the concentration profile in the capiIIary after the exigent 
has been allowed to ;%n for 9 molonged period. 

and that the only upon in the proportioned ~oflst~t is the ~~eab~ity coeffi- 
cient, H, of the membrane at the interface. The linearity of an fnc against t graph will 

therefore give an indication of the applicability of the model. Consideration of the propor- 
tionality constant reveals that the activity remaining in the capillary at longtime does not 
depend on I&, the diffusion coeffcient of 22Na’ in the lower layer. This agrees entirely 
with Fig. 1 which is a ~~rarn~ti~ representa~on of the con~ntratio~ profde in the 
capillary after the experiment has been allowed to run for a gong period. ‘There is a very 
small concentration gradient in layer I which implies that the amount of activity 
remaining in the capillary depends upon the size of the barrier at the interface (given by 
H), the diffusion coefficient of 22Na+ in layer I (Dr) and the length of the capillary 
[given by It1 and $), i.e. of the 3 steps involved in reducing the activity in the capillary 
(a) diffusion in iayer II; &) permeation through the membrane; and (c) diffusion in layer 
I - only the last two are rate~eter~ning at long times. 

We cannot, however, make use of the pm-exponent24 factor in Eqn. 9 which should 

TA3LE 4 

CAPILLARY ACIWITY -TIME DATA FROM 3 EXFERIMENTS 

Exgt. 1 B Expt. 2 a 

tfs Cf§-+ vs 

150093 310.7 165040 
162470 297.4 175808 
175549 284.5 188383 
236921 231.5 204149 
252742 219.3 252104 
26SlOl 2llA 265197 

271438 

’ From CastIedtm and FIeming {1970). 
’ From Castle&n (1967). 

c/s-” 

380.2 
370.4 
358.8 
344.4 
300.2 
293.8 
290.3 

Expt. 3 b 

t/s 

169482 
177535 
186852 
206811 
255141 
266385 
279311 

C/S” 

709.8 
693,9 
675.2 
634.2 
554.9 
537.0 
518.3 
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TABLE 2 

SUPPLEMENTARY DATA AND CALCULATED PERMEABILXTY COEFFICIENTS 

Expt. no. 10sD~/cmz s-l a at/cm a Q/cm a lO%f/cm - sei b 

1 0.9396 0.6600 1.4865 7.67 
2 0.7010 0.8500 1.2965 5.72 
3 0.7010 1.1000 0.9713 4.96 

a From Castleden and Fleming (1970) and Castleden (1967). 
b Calculated from the gradients of the lnc against t graphs in Fig. 1 wing Eqn. 9. 

give the value of c at t = 0. To do so would be conceptually incorrect since the derivation 
given in the theory involves specific assumptions valid only at long times. We therefore 
concentrate attention on the gradients of the graphs of Inc against time. 

The experimental data is collected in Tables 1 and 2 and shown ~aphically in Fig. 2. It 
is immediately apparent that the correIation coefficients for the plots of lnc against t 
indicate good linearity. The permeability coefficients calculated from the gradients are 
reasonably consistent; agreement between experiments 2 and 3 is particularly good as 
these experiments were performed with the same batch of lecithin, different from that 
used in experiment 1 (this also accounts for the differences in DI). 

The previously calculated values of H (Castleden and Fleming, 1970) were found to 
decrease with increasing time as shown graphically in Fig. 3 for experiments 1 and 2. Also 

7 s 60 

z %=- ----.2‘r2~o*~6 
Expt.1, r2=0.999 . 

52 ! I I 1 
13 15 20 25 30 

IO’ 4 t p 

Fig. 2. Plots of’ ln(c/~-~) against t from the data in Table 1. The values of the permeability coefficient 
given in Table Z! are calculated from the gradients of the lines using Eqn. 9. 
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Fig. 3. Previously calculated (Castleden and Fleming, 1970) values of H plotted against 
experiments 1 and 2. The horizontal lines represent the single values of H calculated using 
time approximation presented in this paper. 

time for 
the long- 

indicated in the figure are the single values of H as calculated in this paper for the same 
two sets of data. It does not seem unreasonable to suggest that our values for the perme- 
ability coefficient are good estimates of the limit which the previously calculated values 
seem to be approaching. 

We have shown, therefore, how the relatively complex equations of flow through a 
composite system containing a membrane may be solved easily by restricting attention to 
data obtained at long times. The permeability coefficient of a synthetic phospholipid- 
protein membrane is estimated to be of the order of 6 X low6 cm - s-l once the membrane 
reaches its maximum barrier efficiency. 

REFERENCES 

Abramovitz, M. and Stegun, LA., Handbook of Mathematical Functions, Dover Publications, New 
York, 1972. 

Carslaw, H.S. and Jaeger, J.C., Conduction of Heat in Solids, Clarendon Press, Oxford, 2nd edn., 
1959. 

Castleden, J.A., Ph.D. Thesis, University of London, 1967. 
Castleden, J.A. and Fleming, R., Some studies of the diffusion of sodium ions through protein solu- 

tions and phospholipid ~01s. J. Pharm. Pharmacol., 18 (1966) 583-7 1s. 



Cast&den, J.A. and Fleming, R., A further app~cation of the openended capillary method for mea- 
suring diffusion coefficients. 3. Pharm. Pharmacol., 20 (1968) 883-884. 

Castleden, J.A. and Fleming, R., Measurements of the permeabili1.y coefficient of 22N& through a 
synthetic phospholipidprotein membrane. Biochim. Biophys. Acta, 211 (1970) 478-486. 

Castleden, 3.A. and Fieming, R., Solution of the equations descrying the flow of 22N# in a semi- 
infbxite composite system containing a membrane. Biochim. Biophys. Acta, 255 (1972) l-5. 

Saunders, L., Diffusion of salts through a lipo-protein interface. J. Pharm. Pharmacol., 1s (1963) 
348. 

Saunders, L., Leci~~~holesterol so&. J. Pharm. Pharmacol., 15 (1963) 155-156. 


